A family G of connected graphs is a family with unbounded metric dimension if dim(G) is not constant and depends on the order of graph. In this paper, we compute the metric dimension of the splitting graphs S(P n ) and S(C n ) of a path and cycle. We prove that the metric dimension of these graphs varies and depends on the number of vertices of the graph.
I. INTRODUCTION
Graph theory has been used to study the various concepts of navigation in an arbitrary space. A work place can be denoted as a vertex in a graph, and edges denote the connections between places. The problem of minimum machine (or Robots) to be placed at certain nodes to trace each and every node exactly once is worth investigating. The problem can be explained using networks where places are interconnected in which, a navigating agent moves from one vertex to another in the network. The places or vertices of a network where we place the machines (robots) are called landmarks. The minimum number of machines required to locate each and every vertex of the network is termed as metric dimension and the set of all minimum possible number of landmarks constitute metric basis.
Moreover, in computer science, weighted graphs are widely used in the developments of data mining, software testing, image processing, communication networks and information security.
II. PRELIMINARIES
Let G = (V (G), E(G)) be a finite simple connected graph having vertex set V (G) and edge set E(G), the order and size of the graph denoted as |V (G)| and |E(G)| respectively. For graph-theoretic notions ( see [1] ). N (u) = {v : uv ∈ E(G)} is called the open neighborhood of the vertex u in the graph G,
The associate editor coordinating the review of this manuscript and approving it for publication was Rui Wang . the degree of the vertex u is the number of the elements in the set N (u) and is denoted by deg G (u) or simply deg (u) . The closed neighborhood of the vertex u is denoted by N [u] which is equal to N (u) ∪ {u}. In a connected graph G, the distance d(u, v) between two vertices u, v ∈ V (G) is the length of a shortest path between them. Let W = {w 1 , w 2 , ...., w k } be an ordered set of vertices of G and let v be a vertex of G. The representation r(v|W ) of v with respect to W is the k-tuple (d(v, w 1 ), d(v, w 2 ), . . . . ., d(v, w k )). If distinct vertices of G have distinct representations with respect to W , then W is called a resolving set or locating set for G [2] . A resolving set of minimum cardinality is called a metric basis for G and this cardinality is the metric dimension of G, denoted by dim(G). The concept of resolving set and metric basis have previously appeared in the literature (see [3] - [7] and for basics of graph theory and its applications, see [8] - [12] .
For a given ordered set of vertices W = {w 1 , w 2 , ...., w k } of a graph G, the ith component of r(v|W ) is 0 if and only if v = w i . Thus, to show that W is a resolving set it suffices to verify that r(x|W ) = r(y|W ) for each pair of distinct vertices
A useful property in finding dim(G) is the following lemma [13] .
Lemma 1: Let W be a resolving set for a connected graph
Buczkowski et al. [2] determined the metric dimension of wheel W n , Caceres et al. [4] the metric dimension of a fan f n and Tomescu and Javaid [14] the metric dimension of Gear graph J 2n . Theorem 1 ([2] , [4] , [14] ): Let W n be a wheel of order n ≥ 3, f n be fan of order n ≥ 1 and J 2n be a Jahangir graph.
3 . On the other hand, we say that a family G of connected graphs is a family with constant metric dimension if dim(G) is finite and does not depend upon the choice of G in G.
In [1] Chartrand et al. proved that a graph has metric dimension 1 if and only if it is a path, hence paths on n vertices constitute a family of graphs with constant metric dimension. They did not characterize all graphs with metric dimension 2 but they investigated few properties of graphs with metric dimension 2.
Theorem 2 [1] : A graph G with metric dimension 2 can have neither K 5 nor K 3,3 as a subgraph.
A nice property of graphs with metric dimension 2 is the following result of Khuller et al. [15] .
Theorem 3 [15] : Let G be a graph with metric dimension 2 and let {u, v} ⊂ V (G) be a metric basis in G. Then the following are true:
(a) There is a unique shortest path between u and v. (b) The degree of each u and v is at most 3. The metric dimension of cartesian product of graphs has been studied in [3] . In [3] it has been shown that dim(P m × C n ) = 2, if n is odd; 3, otherwise.
Note that the problem of determining whether dim(G) < k is an NP-complete problem [7] . Some bounds for this invariant, in terms of the diameter of the graph, are given in [15] and it was shown in [1] , [15] that the metric dimension of trees can be determined efficiently. In this paper, we compute the metric dimension of the splitting graphs of paths and cycle. It is shown that the metric dimension of these graph is unbounded and depends on the order of the graph.
The splitting graph of a graph G is defined as: for each vertex
Join v i to all the vertices of G that are adjacent to u i . The graph thus obtained is called the splitting graph of graph G, denoted by S(G).
In this section we discus the metric dimension of the splitting graph of path graph. For the splitting path graph we say that S 1 is the main path and S 2 is the set of those vertices of graph which are adjacent to the set S 1 .
III. METHODOLOGY
The first aim of this paper is to define the splitting graph of a given graph G. The splitting graph S(G) of a graph G is defined as: for each vertex u i ∈ V (G), i = 1, 2, . . . , n, introduce a new vertex v i . Join v i to all the vertices of G that are adjacent to u i . The graph thus obtained is called the splitting graph of graph G, denoted by S(G).
The splitting graphs of two well-known families of graphs namely path and cycle graphs have been defined.
The main goal is to compute the metric dimension of the splitting graphs of path and cycle. Necessary propositions required to prove the main results have also been proved. It has been proved that the metric dimension of these graphs is unbounded. Hence these families of graphs form families of graphs with unbounded metric dimension.
IV. MAIN RESULTS
In this section, we discus the metric dimension of the splitting graph of path and cycle.
A. SPLITTING GRAPH OF A PATH S(P N )
For the graph S(P n ) we have the following:
Proposition 1: Let S(P n ) be the splitting graph of path graph P n with n ≥ 8, and W be a resolving set of S(P n ), then:
. Combining these two facts the distance of any two vertices of W from the vertices u i , u j equal and hence both u i , u j / ∈ W . Proposition 2: For n ≥ 8, the splitting graph of path P n with W is a resolving set of S(P n ), then we have:
(1) If W ⊂ S 2 be a resolving set and |N [v i ] ∩ N [v j ]| = 1, then only v i or v j must be in W , where i, j = 1.
(
. Combining these two facts the distance of any two vertices of W from the vertices u i , u j is equal.
Theorem 4: For n > 8, dim(S(P n )) = n 3 . Proof: The distances between the vertices of S(P n ) are as follows:
We first show that dim(S(P n )) ≥ n 3 , suppose that a set of vertices W is a basis of S(P n ) with |W | < n 3 , then the possibilities are as follows:
(1) If W ⊂ S 1 , then there exist vertices u t , v t / ∈ W , then by Proposition 1 and 2 it is observed that d(v t , v j ) = d(u t , v j ) = |t − j| where j = t + 1. It means that all components of r(v t |W ) = r(u t |W ), a contradiction.
(2) If W ⊂ S 2 , we suppose that |W | < n 3 there exist at least three consecutive vertices v t−1 , v t , v t+1 / ∈ W and for any v j ∈ W , from Proposition 1 and 2, it is noted that d(v t , v j ) = d(u t , v j ) = |t − j|, where j = t + 1. It means that all components of r(u t |W ) = r(v t |W ), a contradiction.
(3) If W ⊂ S 1 ∪ S 2 , we suppose that |W | < n 3 there exist at least two vertices u i , v i such that N [u i ] ∩ W = ∅ and N [v i ] ∩ W = ∅ which implying that all components of r(v i |W ) = r(u i |W ), a contradiction. Thus dim(S(P n )) ≥ n 3 . We show that, dim(S(P n )) ≤ n 3 consider the set W = {v 3i−1 : i = 0, 1, 2, . . . , n 3 − 1} be a subset of V (S(P n )). Now we show that W is a resolving set for S(P n ). For this the representations of the vertices of V (S(P n )) \ W with respect to W , have the following possible cases:
Case(1) For u i , u j ∈ S 1 \ W then by using Proposition 1 and 2, d(u i , v 2 ) = d(u j , v 2 ), for all u i , u j ∈ S 1 \ W , except d(u 2 , v 2 ) = d(u 4 , v 2 ), but then d(u 2 , v 5 ) = d(u 4 , v 5 ) which implying that at least one component of r(u i |W ) is distinct from r(u j |W ).
From all the above cases, dim(S(P n )) ≤ n 3 . This implies that dim(S(P n )) = n 3 .
B. THE SPLITTING GRAPH OF S(C N )
For a graph G, we call two disjoint subsets of vertices twins if they have the same size and induce subgraphs with the same number of edges [16] . The vertex set of the splitting graph of a cycle is divided into two parts. S 1 denotes the vertex set of the inner cycle and S 2 denotes the vertices adjacent to the vertices of S 1 . For any vertex
The relation between these twins are
Here we note the following observation:
, if n is even and i = 1, 2, . . . , n − 1 2 , if n is odd.
(2) For any u i+1 , v i+1 ∈ V (S(C n )), then without loss of generality,
if n is even and i = 1, 2, . . . , n − 1 2 , if n is odd. Proposition 3: Let S(C n ) be the splitting graph of cycle graph with n > 8, and W is a resolving set of S(C n ), then:
(1) For any u i ∈ S 1 and v i ∈
for all i where indices are taken under modulo n.
(3) If |N (u i ) ∩ N (u j )| = 2, then both u i and u j are not in W .
Proof: (1) We know that for any vertex
From definition we know that v i is adjacent to those vertices which are adjacent to u i inner cycle. The distance between u i and v i can be written as:
. Combining these two facts the distance of any two vertices of W from the vertices u i , u j are equal.
(5) To prove that d(u i , 
On contrary we suppose that v i+3 / ∈ W then by (1) all components of r(u i+3 |W ) = r(v i+3 |W ), a contradiction.
Theorem 5: For n > 8, dim(S(C n )) = n 3 . Proof: Assume that dim(S(C n )) ≤ n 3 − 1. There is at least one set of three consecutive vertices say v i−1 , v i , v i+1 ∈ V (S(C n )), which is not a subset of any resolving set say W . By Proposition 3, we have r(v i−1 |W ) = r(u i−1 |W ), r(v i |W ) = r(u i |W ), or r(v i+1 |W ) = r(u i+1 |W ), a contradiction. Thus W is not resolving set. Therefore, dim(S(C n )) ≥ For dim(S(C n )) ≤ n 3 . Consider the set W = {v 3i+1 : i = 0, 1, 2, . . . , n 3 − 1}. We show that this set is a resolving set for V (S(C n )). The representations of the vertices of V (S(C n )) \ W are discussed in the following cases:
Case(1) Consider two distinct vertices u i , u j ∈ S 1 , then by Proposition 3, we have: r(u i |W ) = (d(u i , v 1 ), d(u i , v 4 ), . . . , d(u i , v n−2 )), r(u j |W ) = (d(u j , v 1 ), d(u j , v 4 ), . . . , d(u j , v n−2 )). It is observed that in the above tuples at least one component of r(u i |W ) elements is distinct from r(u j |W ), so r(u i |W ) = r(u j |W ). Therefore, dim(S(C n )) ≤ n 3 . Case(2) Consider two distinct vertices v i , v j ∈ S 2 , then by Proposition 3, we have: v 4 ) , . . . , d(v j , v n−2 )).
It is concluded that in the above tuples at least one component of r(v i |W ) elements is distinct from r(v j |W ), implying that r(v i |W ) = r(v j |W ). Therefore, dim(S(C n )) ≤ n 3 . Case(3) Consider two distinct vertices u i , v j ∈ S 1 ∪S 2 , then by Proposition 3, we have:
r(u j |W ) = (d(u j , v 1 ), d(u j , v 4 ), . . . , d(u j , v n−2 )).
It is showed that in the above tuples at least one component of r(u i |W ) elements is distinct from r(v j |W ), implying that r(u i |W ) = r(v j |W ). Therefore, dim(S(C n )) ≤ n 3 . Thus, dim(S(C n )) = n 3 .
C. DISCUSSION
In this paper, the splitting graph of two families have been defined. The metric dimension of these splitting graphs has been computed. Some useful propositions necessary for computing the metric dimension of these graphs have been proved. It is shown that the metric dimension of these graphs is unbounded and depends on the order of the graph.
